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$-\Delta u=f(u)$ , $u\geq 0$ in $\Omega$ (1)
$u=0$ on $\partial\Omega$ (2)
$\Omega\subset R^{2}$ $f(u)$ $f\in C^{1}(\overline{R}_{+}; R)\cap$
$C^{2}(R_{+};R),$ $f(0)=f’(0)=0,$ $f(+\infty)=f’(+\infty)=+\infty,$ $\frac{d}{du}\{f(u)/u\}>$
$0(u>0),$ $\lim_{uarrow+\infty}\{\log f(u)/u^{\alpha}\}=0(1<\exists\alpha<2),$ $F(u) \equiv\int_{0^{u}}f(s)ds\leq$
$( \frac{1}{2}-\epsilon)f(u)u$ ( $0< \exists\epsilon<\frac{1}{2}$ u\sim )
$f$ $f(u)=u^{p}(p>1)$ $f(u)=e^{u}-1-u$
(1) (2) $u\equiv 0$ $\overline{u}>0$
$J(v)$
$J(v)= \frac{1}{2}\Vert\nabla v\Vert_{L^{2}}^{2}-\int_{\Omega}F(v)dx(v\in H_{0}^{1}(\Omega))$ N




$\mathcal{N}$ $J(v)$ $u\in \mathcal{N}$ : $J(u)=$
$\inf_{\in \mathcal{N}}J(v)(=d>0)\sim$ ( $u$ )
([2,3])
\S




$\Omega$ 3 $\{\tau_{h}\}_{h>0}$ 3 ”inverse assump-





$h$ $v_{0}=v_{0,h}\in \mathcal{N}\cap L^{\infty}(\Omega)$ $v_{j,h}\mapsto v_{J+1,h}\in \mathcal{N}_{h}(j=$
$0,1,2,$ $\cdots$ )
1. $(\nabla w_{h}, \nabla\chi_{h})=(f(v_{j,h}),\chi_{h})(\forall\chi_{h}\in V_{h})$ $w_{h}\in$ o




$\{v_{h}\}_{h>0}$ $v_{0}$ ( $H^{1}(\Omega)$
$L^{\infty}(\Omega)$ ) $\{v_{h_{k}}\}_{k=1}^{\infty}$
$J(v_{h_{k}})arrow d$ $v_{0}$





$X=H_{0^{1}}(\Omega),$ $X_{+}=$ {$v\in X|v\geq 0$ in $\Omega$ }, $V_{h+}=\{u_{h}\in V_{h}|u_{h}\geq$
$0$ in $\Omega$ }
$\tilde{T}$ : $X_{+}\backslash \{0\}arrow \mathcal{N}$
1. $v\in X+\backslash \{0\}$
$-\triangle w=f(v)$ in $\Omega,$ $w=0$ on $\partial\Omega$ $w\in x_{+}$
2. $w$ \mbox{\boldmath $\lambda$}w N $\tilde{T}v$
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$T:\mathcal{N}arrow \mathcal{N}$ $T=\tilde{T}|_{N}$
$T$ $T_{h}$ : $\mathcal{N}_{h}arrow \mathcal{N}_{h}$
(IPM) $v_{J+1,h}=\cdot T_{h}v_{J,h}$ $(j\geq 1)$
$\star$ $\{v_{j,h}\}$ $\{v_{h}\}$
1 $j$ $h$ $r>0$
$r\leq\Vert\nabla v_{j,h}\Vert_{L^{2}(\Omega)}\leq r^{-1}$
[2]
2 $\{v_{j,h}\}$ : $\exists M>0$ , $\Vert v_{J,h}\Vert_{L^{\infty}(\Omega)}\leq M$
(IPM)
$(\nabla v_{J+1,h}, \nabla\chi_{h})=\lambda_{J+1,h}(f(v_{j,h}),\chi_{h})$ $(\forall\chi_{h}\in V_{h})$
\mbox{\boldmath $\lambda$}j+l,h
$\chi_{h}=v_{j,h}$
$\lambda_{j+1,h}=\frac{(\nabla v_{j+1,h},\nabla v_{j,h})}{||\nabla v_{j,h}\Vert^{2}}\leq\frac{\Vert\nabla v_{j+1,h}\Vert}{||\nabla v_{j,h}\Vert}\leq r^{-2}$
$\{\lambda_{j,h}\}$
$v_{j+1,h}\in \mathcal{N}_{h}$
$-\Delta u=\lambda_{j+1,h}f(v_{j,h})$ in $\Omega$ , $u=0$ on $\partial\Omega$
$\exists C_{1}>0$ s.t. $\Vert v_{j+1,h}\Vert_{L^{\infty}(\Omega)}\leq C_{1}\lambda_{j+1,h}\Vert f(v_{j,h})\Vert_{L^{2}(\Omega)}$ (3)
Trudinger
$\exists\gamma>0$ st. $\Vert u\Vert_{L_{\phi},(\Omega)}\leq\gamma\Vert\nabla u||$ $(\forall u\in W_{0}^{1,2}(\Omega))$ (4)
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$\phi(s)\equiv\exp(s^{2})-1,$ $\Vert u\Vert_{L_{\phi}*(\Omega)}\equiv\inf\{k>0;\int_{\Omega}\phi(\frac{u}{k})dx\leq 1\}$
1 (4)
1 $v_{j+1,h} \Vert_{L_{\phi}\cdot(\Omega)}\leq\frac{\gamma}{r}$
$0< \eta<\frac{r}{\gamma}$ \eta $f(s)$
$\exists C_{\eta}>0$ s.t. $f(s)^{2}\leq C_{\eta}(\exp(\eta s^{2})-1)$ $(0\leq\forall s<\infty)$ (5)
(3) (5)
$\Vert v_{j+1,h}||_{L^{\infty}(\Omega)}\leq C_{1}\cdot r^{-2}\cdot\sqrt{C_{\eta}}$
$-\Delta w=f(v_{h})$ in $\Omega$ , $w=0$ on $\partial\Omega$ (6)
$w=w^{(h)}\in X_{+}$ $v_{h}\in \mathcal{N}_{h}$
2
$\exists C_{2}>0$ $\Vert w-v_{h}\Vert_{L^{2}(\Omega)}+h\Vert\nabla(w-v_{h})\Vert_{L^{2}(\Omega)}\leq C_{2}h^{2}$





$\int_{\Omega}\frac{f(\lambda^{\langle h)}w)}{\lambda^{\langle h)}w}w^{2}dx=\Vert\nabla w\Vert^{2}$ (7)
(7) \mbox{\boldmath $\lambda$}(h) $>0$ ([2])
$\Gamma\forall\epsilon>0$ $\exists h_{0}>0$ s.t. $0<h<h_{0}$ and $| \lambda-1|\geq\epsilon\Rightarrow\int_{\Omega}\frac{f(\lambda w)}{\lambda w}w^{2}dx\neq\Vert\nabla w\Vert^{2}$
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$\lambda\geq 1+\epsilon$
$\frac{f(\lambda s)}{\lambda s}\geq\frac{\lambda^{p}f(s)}{\lambda s}\geq(1+\frac{p-1}{2}\epsilon)\frac{f(s)}{s}$
$\int_{\Omega}\frac{f(\lambda w)}{\lambda w}w^{2}dx-\Vert\nabla w\Vert^{2}$
$\geq$ $(1+ \frac{p-1}{2}\epsilon)(f(w), w)-\Vert\nabla w\Vert^{2}$
$=$ $(1+ \frac{p-1}{2}\epsilon)\{(f(w), w)-(f(v_{h}), v_{h})\}+\frac{p-1}{2}\epsilon(f(v_{h}), v_{h})+(\Vert\nabla v_{h}\Vert^{2}-\Vert\nabla w\Vert^{2})$
$\geq$ $-(1+ \frac{p-1}{2}\epsilon)|(f(w), w)-(f(v_{h}), v_{h})|+\frac{p-1}{2}\epsilon\Vert$ $|\Vert\nabla w\Vert^{2}-\Vert\nabla v_{h}\Vert^{2}|$
$\geq$ $\frac{p-1}{2}\epsilon r^{2}-const.h$
$\exists h_{0}=h_{0}(\epsilon)>0$ s.t. $0<h<h_{0}$ and $\lambda\geq 1+\epsilon\Rightarrow\int_{\Omega}\frac{f(\lambda w)}{\lambda w}w^{2}dx>\Vert\nabla w||^{2}$
$\lambda\leq 1-\epsilon$





$v_{h_{k}}arrow w$ weakly in $H_{0}^{1}(\Omega)$ (8)
Rellich
$v_{h_{k}}arrow w$ in $L^{2}(\Omega)$ (9)
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(9) 2
$\Vert w\Vert_{L\infty(\Omega)}\leq M$ (10)
$f(v_{h_{k}})arrow f(w)$ in $L^{2}(\Omega)$ (11)
$F(v_{h_{k}})arrow F(w)$ in $L^{1}(\Omega)$ (12)
$B(v) \equiv\frac{1}{2}(f(v), v)-\int_{\Omega}F(v)dx$ $(v\in x_{+})$
(11)(12)
$d \leq J(v_{h_{k}})=B(v_{h_{k}})=\frac{1}{2}(f(v_{h_{k}}), v_{h_{k}})-\int_{\Omega}F(v_{h_{k}})dxarrow B(w)$
$w\neq 0$
5 $v_{0}=\tilde{T}w$ $v_{0}$ (1)(2)
$v_{h_{k}}arrow v_{0}$ in $H_{0}^{1}(\Omega)$
$\tilde{T}$ ([2]) 4
$v_{h_{k}}-v_{0}=(T_{h_{k}}v_{h_{k}}-Tv_{h_{k}})+(Tv_{h_{k}}-\tilde{T}w)$




6 $\Vert v_{h_{k}}-v_{0}\Vert_{L}\infty(\Omega)^{arrow 0}$
$-\Delta u=f(v_{0})$ in $\Omega$ , $u=0$ on $\partial\Omega$
$v_{0}$ \in N $w_{h_{k}}\in \mathcal{N}_{h_{k}}$
$[4]p.172$
$||v_{h_{k}}-v_{0}||_{L^{\infty}(\Omega)}\leq\Vert v_{h_{k}}-w_{h_{k}}||_{L^{\infty}(\Omega)}+||w_{h_{k}}-v_{0}||_{L^{\infty}(\Omega)}$
$\leq C||f(v_{h_{k}})-f(v_{0})\Vert_{L^{2}\langle\Omega)}+\Vert w_{h_{k}}-v_{0}\Vert_{L}\infty(\Omega)^{arrow 0}$ $(karrow\infty)$
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